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We present a calculation for the" — 7+ 7° decay amplitude using a quenched simulation of lattice QCD
with the Wilson quark action g8=6/g?=6.1. The decay amplitude is extracted from the ratio,Khe 7
three-point function divided by eithé and = meson two-point functions d€ meson two-point function and
I=2 arar four-point function; the two different methods yield consistent results. Finite size effects are exam-
ined with calculations made on 2464 and 33x64 lattices, and are shown that they are explained by
one-loop effects of chiral perturbation theory. The lattice amplitude is converted to the continuum value by
employing a one-loop calculation of chiral perturbation theory, yielding a value in agreement with experi-
ment if extrapolated to the chiral limit. We also report on ienesonB parameteBy obtained from the
K*— 7" 7% amplitude using chiral perturbation theoff80556-282(198)03417-1

PACS numbdps): 12.38.Gc, 11.15.Ha, 12.38.Aw

[. INTRODUCTION quite a long time ago. The problem, however, was that the
results turned out to be inconsistent with experiment: lattice
Despite the full understanding of the fundamental theorycalculations have given the amplitude roughly a factor of two
of weak interactions, the non-leptonic decay of hadrons stillarger than experiment.
remains to be the least understood weak process, the most Two potential origins are suspected to give this discrep-
notable problems being th&l = 1/2 rule and the calculation ancy. One is an issue in the matching of the lattice and con-
of €'/e. The predicament originates from the difficulty of tinuum operators. Early studies employed the fagt®k for
evaluating the hadronic matrix element of the product ofthe quark wave function normalization and the bare lattice
currents. Much work has already been done to attack thisoupling constant for estimating the renormalization factor
problem using lattice QCD simulatiof$—4], but they have of the four-quark weak operator. It is by now well known
not yielded satisfactory results. that the Kronfeld-Lepage-Mackenzie(KLM) factor
Difficulties have proven to be especially severe for they1—3«/4k. [7] and tadpole-improved perturbation theory
Al=1/2 amplitudeg1-3]. From the computational point of [8] are more adequate for the operator matching.
view the problem lies in a calculation of the so-called eye Another problem concerns the use of chiral perturbation
diagram, which suffers from extremely large statistical fluc-theory (CHPT) to convert lattice results into the physical
tuations[1-3,5. Theoretically, this may be related to mixing amplitude. Only the tree-level formula was known and used
of the dimension six weak operator responsible for the decajn the previous work. The meson mass dependence of lattice
with operators of lower dimensions whose coefficients di-calculations appeared consistent with the prediction of the
verge linearly in the continuum limit. At a more fundamental tree-level formula, allowing, however, for large statistical er-
level, there is the difficulty6] that theK— 7o 3-point func-  rors. It was probably necessary to use the formula including
tion evaluated in Euclidean space-time does not yield inforhigher order CHPT effects, but its necessity was not mani-
mation on the phase of the decay amplitude. fest. An interesting development in this connection is a re-
Calculation of theAl =3/2 process is known to be easier cent calculation of one-loop corrections to tKé — 7+ 7°
than that of theAl=1/2 process. For this case mixing of amplitude in CHPT by Golterman and Leuf®]. Applying
lower dimension operators is absent, and the so-calletheir results to the old data obtained by Bernard and &ni

figure-eight diagrams which represent tAé=3/2 ampli- they found that one-loop effects decrease the physical ampli-
tude, have clear signals in numerical simulations. Indeed latude by about 30%.
tice calculations have been reported by several gr¢2pg With the hope to improve the problems posed here, we

have carried out a high statistics simulation of tKe
— 7" 7% amplitude in quenched lattice QCD, incorporating
*Present address: Max-Planck-Institit Rhysik, Fdringer Ring  various theoretical and technical developments made in re-

6, D-80805 Munchen, Germany. cent years. In particular, we discuss in detail how one-loop
"Present address: Theoretical Physics Department, Fermi Nationabrrections of CHPT affect physical predictions for the decay
Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510. amplitude from lattice QCD simulations. We also report on
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the K meson B parameterBy obtained from theK™
— " 7% amplitude using CHPT.

PHYSICAL REVIEW D 58 054503

In our calculation for temporal lattice siZz€=64, we
place theK meson aty=4. The twom mesons are placed at

This paper is organized as follows. After a brief descrip-different time slicest, =59 andty,= 60 to avoid contamina-
tion of simulation parameters in Sec. Il, we explain ourtions from Fierz-rearranged terms in the two-pion state that
method for extracting the decay amplitude in Sec. Ill. Ourwould occur for the choicé, =tg.
results for theK ™ — 7" 7% amplitude are presented in Sec.  The correlation functio 4 behaves foty <t<t, ~ty as
IV with discussion made on one-loop effects of CHPT. Re-
sults forBy are given in Sec. V. Section VI summarizes our Go(t+ ,to;t;tk)

conclusions.
=(0|W,(0)Wo(to—t,)| 7" m°)
Il. SIMULATION PARAMETERS 1 o
X (m*7°|QL(0)|K™)
Our simulation is carried out in quenched lattice QCD N

employing the standard plaquette action for gluonspat
=6.1 and the Wilson action for quarks. We take up, down
and strange quarks to be degenerate, and make measure-
ments at four values of the common hopping parameter,
=0.1520, 0.1530, 0.1540, and 0.1543, which correspond t
M,/M,=0.797,0.734, 0.586 and 0.515. In order to examin
finite-size effects, simulations are carried out for two lattice T

. e . . In order to remove the normalization factors @y, we
sizes, 120 configurations on 2464 and 65 configurations : : :
on 38X 64. Gluon configurations are separated by 2000calculate the product of the meson 2-point functions given by
pseudo heat bath sweeps. Quark propagators are solved w'@v\/(t+ to:itite)
the Dirichlet boundary condition imposed in the time direc-
tion and the periodic boundary condition in the space direc-
tions.

1
X N—K<K+|WK(O)|O>eMK(tK_t)e(t_t+)Mm-r’ 3

whereNy denotes the normalization factor of tkemeson
gtate,| " 7%) represents the=2 two-pion state with a mass
- and a state normalization factbr,, . .

= (0|Wp(to) m2(t)|0)(0| W, (t. )7 (1)[0)

+
We adopt 14=2.67(10) GeV for the physical scale of X(O]K™ () Wi(t)|0). (4)
lattice spacing estimated from the meson mass, and. . ; _ '
=0.15499(2) for the critical hopping parameter, which wereDeMNNg a ratioRy=Go/Gy, we find
obtained in our previous studylO]. Our calculations are (mt70Q K™
carried out on the Fujitsu VPP500/80 supercomputer at Rw(ts ,tg:t;tk) =Sw 3 glt-to)a (5)
KEK. (m|7|0)
lll. METHODS where
A. Extraction of decay amplitude A=M ,—2M, (6)
Let us consider the four-quark operator defined by is a mass shift due to a finite spatial lattice size, Spgdis
1 _ - defined by
Qi=5-[ syu(l—vys5)d uy,(1-ysu
T2 a " N2 (O|W, (0)Wo(to—t,)|m* 70
Sw= (7)

D Nrm <O|W+(O)|7T+><0|W0(to_t+)|7TO>,
which is relevant ta\ | = 3/2 two-pion decay of th& meson.  wheret,—t, =1 in our calculation. The value &, should
We first discuss our method for extracting the lattice matrixconverge to unity for infinite volume.
element of the operato,, deferring the question of In Fig. 1 we plot{ 7| 7|0)3R,y at x=0.1530 as a function
matching the lattice and continuum operators to Sec. Il B. of time t of the weak operator, where we calculéte| 7|0)

We extract the decay amplitude from the 4-point correlafrom the pion 2-point function for point source and point
tion function sink. We observe a clear nonvanishing slope, which means

the mass shif being positive. Numerical values &f and
Gol(t, yto;t;tK):<O|W+(t+)Wo(to)Q+(t)WK(tK)|0>-(2)

+5y,(1—ys)u Uy, (1—ys)d ],

the decay amplitudé=" 7°|Q,|K™) obtained by a single
exponential fit for the time range= 18— 46 are tabulated in
Table I. Here we assunf®y,= 1, whose justification will be
discussed below.

According to Lischer's formuld 11], the finite-size mass
shift of the two-pion state is written

In order to enhance signals we construct wall sources
noted byW) for all external mesons, and fix gauge configu-
rations to the Coulomb gauge. The wall sourtdeés, W, ,
andW, for K™, 7", and=° are placed at the time slicég,

t, andty such thaty<t<t, ,ty. All mesons are at rest, and
the 4-quark operatd® . is projected to zero spatial momen-
tum.

47Tao —a
—————+0(L™%,
M _(aL)®

A=M__—2M = — 8

T
ks
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<nln|0>2x Ry, (1) k=0.1530 (M/M, =0.734) <nfm|0s3 x Rp(t) K=0.1530 (M,/M,=0.734)
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FIG. 1. (7| m|0)3Ry(t, ,to:t;t) at k=0.153. Open and filled FIG. 2. (m|7|0)3Rp(t, ,to;t;tk) at k=0.153. Open and filled

circles refer to data for #4and 32 lattices. circles refer to data for #4and 32 lattices.
whereay, is thes-wave scattering length arldis the spatial _l<7-r+77°|Q+|K+>
size. This formula was previously employed to calculate the Rp(ts to;titk)=Sp T (10
s-wave 7 scattering length in quenched lattice QCI2— Skl
14]. It was found that lattice calculations gi®, in good where
agreement with the prediction of current algebra. Using the
1=2_ 2 :
current algebra formulaa, “=M /(87F) W|th_ F. (" 7%t w0|0)
=132 MeV and 14=2.67(10) GeV, we obtainaA Sp=—"""5 (1D
=0.015 forL =24 and 0.006 fot.=32. Considering uncer- (m|m|0)

tainties arising from terms oO(L~“) and the difference ) . o ) )
between the physica| and measured Va]udgp,f we regard which should become unity for infinite Spatlal lattice.

this estimate being consistent with the measuaed (see ~ The dependence @t on the timet of the weak operator
Table . is shown in Fig. 2 fork=0.153, the same hopping parameter
As an alternative method we may remove the normaliza@s in Fig. 1 forRyy. As expected, a clear plateau is seen for
tion factors of the 4-point functio®q with t~20—40, where effects of excited states near the lattice

boundaries already disappear.
Gp(ts totite) = (O|W, (t,)Wo(to) ™ (1) m°(t)]0) In Table | we list{(7* 7°|Q,|K™) obtained by fittingRp

N to a constant ovet=22—42 assumingSp=1. The results

X(O[K™(t)W(tk)|0). (9 from the two methods show good mutual agreement, well

. o . within the statistical error of 1815 %. We note that statis-
The ratioRp=Gq/Gp is independent ot and it does not tical errors forRp are smaller, and therefore adopt the matrix

depend on the wall sources fog<t<t, ~to; elements fromRp to obtain the physical decay amplitude
below.
TABLE I. The mass shifA =M ,,—2M ;. and(7 " 7°|Q.[K") We still have to justify the assumptid®,=Sp=1 used

from Ry, andRp . Here we assum&,=Sp=1. These values are gpove. This is nok priori obvious, especially fosy,, since
obtained by a single exponential fit over 18—46 forRy and by a  \yq|| sources are uniformly extended across the spatial lattice,
constant fit ovet=22-42 for Rp. although a good agreement@f* 7°| Q. |K™) from Ry, and

Rp implies S,Sp close to unity. ForSp chiral perturbation
theory predicts a finite-size correction of the foffi

K aM,. aA (7 7 Q,|K™)
(1073) from Ry from Rp

L=24 M2
0.1520  0.3440(14) 7.9(1.7) 0.261(20)  0.271(19) Sp=1+ 24F2(M_al)®
0.1530  0.2776(17) 8.6(2.0)  0.151(14)  0.160(13) m

0.1540 0.1967(19)  9.3(2.9)  0.0617(81)  0.0680(69) s formula indicates that the deviation 8F from unity
0.1543 0.1653(21)  8.6(3.6)  0.0382(58)  0.0434(49) would be less than 1% in our simulation. Hence we conclude

L=32 Sy~1.
0.1520  0.3459(10) 3.6(1.4)  0.229(17)  0.234(16)

0.1530  0.2784(11) 4.2(15) 0.132(13)  0.135(11)
0.1540  0.1914(13) 5.7(2.1) 0.0565(71)  0.0573(55)

0.1543 0.1651(15) 7.1(2.8) 0.0383(55)  0.0380(37) For[tf]1e quark field normalization we employ the KLM
factor[7

(12

B. Operator matching
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lpcontinuum: -~ [l_ 3_K wlattice
4k '

Cc

13

Because of CPS symmetry the weak oper&aqrdefined in
Eq. (1) does not mix with other operatofg]. With the tad-
pole improvementwith the factoruyg=1/8«;) the multipli-
cative renormalization factor fd@ . , which relates the lat-
tice operator to the continuum one at a scaleis given by
[15,16

(1)
MS [ —4log(palm)—-21.140, (14)
6

Z(pn)=1+

where the naive dimensional regularizatigdDR) is taken
with the modified minimum subtraction schemd$) in the
continuum.

We employ theMS coupling constant estimated as fol-

lows. First we obtairgZ by [8]
1, 9%(3.41k)
~logP=705(3.418)| 1~ (1.19+ 0.01N )~ ——
+O(g©)] (15)

with P the average plaquette. Next we calculAtg from g\z,
using

| (3.413)2 1 ,81| Bix! By 16
0 =—+ —log————,
J Ay Box g3 "1+ pixIBo
where Bo=11-2N;/3, B:=102-38N;/3, and x

=g%(3.41R)/(47)%. A perturbative relation Ayg
=0.6252\ then yieldsAys, with which we can calculate
gﬁﬁz) at any scaleu. In the present calculation we find
Ays=293(11) MeV  with P=0.605 and H
=2.67(10) GeV aiB=6.1.

Let A, be the physical amplitude foAl=3/2 K— 7
decay. Experimentally,

-1

= =10.4x10°% Ge\A.

3 G
EReAZ

A 7

V:svud

The relation of the decay amplitude to the matrix element of

Q. is
3 Ge. .
EReAZ Evusvud

=C ()t %l QU (w)|K ).

-1

(18)

On the right-hand sid€"”(u) and Q" (u) are the Wil-

PHYSICAL REVIEW D 58 054503
In our calculation, matching of the lattice opera@ptc®
to the continuum operata®¥(2 GeV) is not straightfor-
ward since the simulation is carried out in quenched QCD
(N¢=0). To treat this problem we proceed in the following
way. We first match the lattice operator to the continuum
operatorQ'® for Ny=0 at a scalg* using the renormaliza-
tion factor Z(q*) in Eq. (14): QQ(q*)=2z(q*)Q'awce,
The operato'?() at any scalg. can then be obtained by
renormalization group evolution in the continuum:

QP(w)=U9(u,q*)Q(g*)
=UO(u,q*)Z(q*)Q'aMee, (19)

where UND(w, ') is the two-loop renormalization group
running factor from scale.’ to u and it is given by

g2(w) | " g —g?(u)
UND(p, ') = 2R SR
P(m,p’) (e + 1672
5 ( 7’1/3(;;;’0,81) l (20)
0

Hereyy=4 andy,= —7+4N;/9 are the one- and two-loop
anomalous dimensions f@, [17].

In the spirit of tadpole improvement, the matching point
g* from the lattice to the continuum operator should be cho-
sen to minimize higher order contributions in the renormal-
ization factorZ(g*). Since an estimate of this value is not
available, however, we takg* = 1/a or =/a and investigate
the q* dependence of the decay amplitude.

We still need to relate the operat@‘®) of the Ny=0
theory to the operato®') of the Ny=4 theory. Whether
such a matching is possible is a problem generally encoun-
tered in quenched QCD calculations of weak matrix ele-
ments. As a working hypothesis, we assume that there is a
scalek*, typical of theK*— 7+ #° process, at which the
N;=0 operator matches with thé;=4 operator,

U@ k*,g*)QV(q%)=Q'M(k*). (22)
We then estimate the decay amplitude for Me=4 theory
by

CP(u) (7t 7 QP () |KT)
=CW(m)UD (k) (7 QY (k*)[K )
=CP(u)D (. k*,g*)(m* 70| QMK ™),

(22)

where

D(u,k*,g*)=U®(u,k*)UOK*,q*)Z(gq*). (23

son coefficient function and the renormalized weak operator

at a scaleu with superscriptN; the number of quark flavors
appropriate for the scalg. We chooseu=2 GeV to esti-
mate the physical amplitude, and heri¢g=4.

For the renormalization group evolution in the continuum we
follow Buchalla et al. [18]. In particular we use their
c®(2 GeV)=0.859 withA{22=215 MeV.
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TABLE Il. Values of D(2 GeVk*,q*) for A%z 215 MeV Amp / Expt.
andA{=293 MeV. 40 T e e
| Ours: p=61 ® 243 m 323 ]
k* (GeV) q*=1/a g*=mla [ ]
30 [ .
0.700 0.759038 0.830913 [ *) 1
1.000 0.761556 0.833670 % +
1.500 0.765198 0.837657 00 F—+bu b 2xexpt]
2.000 0.768126 0.840863 [ QH f | ¥
expt. 1
The value of the matching scal€ is not known. The or
- . % . | Bernerdetal. : p=57 © 16°
variation of D(u,k*,q )-Wlth respect to the scale*, how- B=60 © 16 0 248
ever, arises from the difference of the parameter and the S S S

anomalous dimension @, for N;=0 and 4, and so it is 00 0.2 0.4 06 0.8 10 12

expected to be small. The values®fu,k*,q*) for several M2 (Gev?2)

k* are tabulated fog* =1/a and w/a in Table Il. We ob-

serve that the dependenceldhnis indeed very small, and we FIG. 3. Comparison of our results f@, (7* 7°|Q.|K*) nor-

setk* =1 GeV in the following analysis. malized by the experimental value obtained with the tree-level
Let us note that the difference & (u,k*,q*) for g* CHPT relation(28) for g* = «/a at 8=6.1 with those of previous

=1/a and 7/a is about 10%. This is the largest systematicwork [2] at B=6.0 and 5.7. Results are plotted as a function of

error in our operator matching procedure other than the adattice meson mas#1%. Traditional V2« normalization is em-

sumption of the matching scale¢, and it is comparable to ployed for quark fields and tadpole improvement is not applied in
our statistical errors. the renormalization factor.

for the quenched theory. At tree level of CHPT one obtains
the formula connecting the physical amplitude and that cal-
A. Decay amplitude with tree-level CHPT culated on the latticg2]:

IV. RESULTS FOR THE K*—x*#® AMPLITUDE

As in the previous work2,4] we take degenerate strange , |, K+
and up-down quarks, and assume all external mesons at regﬁ 7] Q.| >phys

The amplitude obtained with this kinematics is clearly un- m2—m2( a f\3

physical, having an energy injection at the weak operator. In = K—z" _27) (_q) (7" 70Q 4K ) attice (28)
order to relate the lattice result to the physical amplitude 2M7 1\ oY, f

information is needed on the dependence of the amplitude on

the K and 7 masses away from the physical point. where my=497 MeV and m_=136 MeV are physical

Earlier calculations have used chiral perturbation theorymasses, anl ., is the degenerat and = masses on the
(CHPT) at tree level for this purpose. The opera@r is |attice. We emphasize that the constagt and the tree-level
decomposed under chiral SU{3)nto terms belonging to decay constant may take different values in the full and
[8,A1=1/2], [27,A1=1/2] and[27,A1=3/2]. The[27,A] = quenched theories. We denote the constants in quenched
=3/2] part of Q. , which contributes toK -7t 70, is theory with superscripd.
given by In Fig. 3 we compare the decay amplitude

1 1 C(m* Q. |K™) of the previous work aB=5.7 and 6.0
0. = .y _ q. _ [2] with ours at3=6.1. Here, as a working hypothesis, we
3Qe3l2Qe msnu(lmys)d dy,(1-ys)d]. (24 seta,; andf to be equal in full and quenched theories. For
the sake of comparison, our data are analyzed in a manner
In general the27 operator in QCD can be described by op- parallel to that in Ref[2] as much as possible, i.e., employ-

erators in CHPT as ing the traditionaly2« normalization for quark fields, no
oco i : ‘ tadpole improvement in the renormalization factor, and ap-
O37 = Ry (29,2N)i(29,2 )y, (25 plying the tree-level relatioi28). The matching factof23)

with g* = 7r/a is applied in our results for consistency. Since
where, forQ,, the nonvanishing components of the tensorthe normalization adopted in Ref2] for comparison with
Ry areR31= Ri3=R37=R31= andR35=R3=—3, and the  experiment differs from ours, we plot the results divided by
pseudoscalar meson field is given by the experimental value. In view of various differences in the
, simulation parameters and details of analysis procedures, the
=™t (26)  values from the two studies are taken to be consistent, both
being larger than experiment roughly by a factor of two.
for the full theory, or Let us note that our results, which attain errors of about
10%, show a clear dependence on the lattice meson mass
S =¢gmfdn' 3 (27)  M,. The presence of finite-size effects is also evident, ex-

054503-5
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GeV* lowest CHPT (g = 1/a) where_a andf are defined in Eq925)—(27), and the factor
0040 T T T ] Y is given by

[NoKLM: © 243 o 323 ]
0.036 ' KLM: ® 243 m 328 7 mz
0032 F + . 1+ ——[U+d]

i ] (4mf,)?
0.028 | + H. ] Y= ™
0.024 + ++ b : 1 M7 31 (Mw)z F(M.al) dl
. [ 2 x expt. ] t+———| —3log —| + -abk)+
0.020 — p {)H. + — (47F )3 Ad q N
0016 [ ] 30
0012 F expt. The numerator o represents the one-loop effect in the full
0008 | ] theory, and the denominator is the corresponding effect in
TF ] the quenched theory. The dimensionless constéraedd,
0004 I Y T S ST TR O T TR T T T SO WY W T S WY

are the contact term coefficients arising from tBép*)
terms of the chiral Lagrangiar., andF . are the one-loop
corrected decay constants in the full and quenched theories,
FIG. 4. Decay amplitud€ , (7 *7°|Q,|K*) for g*=1/a as a  which differ from the tree-level valuesandf. In the nu-
function of lattice meson mad4? for tree-level CHPT. Circles and merator ofY, U is a complicated function of physickl and
squared refer to decay amplitude obtained on a2 32 lattice. 7 masses, the decay constdntand fy, and the cutoff of

Open symbols correspond to the traditionﬁx/ZKc/Z normaliza- CHPT for the full theoryAcont' and a numerical approxima-
tion factor of Wilson quark fields, while filled symbols are for the tion is
KLM normalization.

00 02 04 06 08 10 12
M,2(GeV2)

2
m’TT
hibiting a decrease between®4nd 32 spatial sizes. We U=A+Blog( Acont) ' (32)
observe that these features were present in the previous

simulations when examined in the light of our results, butwhere A= —104.73 andB=—29.57 for m,=136 MeV,

they were not evident at the time because of large statisticgh, =497 MeV, f,=132 MeV, andf,=160 MeV. In the

errors of 26-30 %. denominator of Eq.(30), AY is the cutoff of CHPT for

In Fig. 4 we show how the use of the KLM normalization quenched QCD, anB(M _alL) represents finite-size correc-
affects the meson mass dependence of the decay amplituglens for a spatial siz& which takes the form
(plotted with filled symbolsas compared to the conventional

normalizationy2«/2« /2 (open symbols While the ampli- 17.827 1272
tudes for smalM .. change only slightly, those for largst . F(MzaL)= (32

+ .
. S o= M .aL 3
increase by about 20%, which is beyond the statistical error (Mal)

by a factor of two. A significant meson mass dependence a

finite-size effects observed in our data show that tree-levzy(/
CHPT is inadequate to extract the physical amplitude fron]
lattice calculations.

e seta,7 andf to be equal in the quenched and full theo-
ies as in the analysis with the tree-level CHPT. We initially
gnore the effects 0®(p*) terms of the chiral Lagrangias
andd,. We leaveA “°"andAf to be different, however, and
examine the dependence of the results on these cutoffs.
B. Decay amplitude with one-loop CHPT In Fig. 5 we plot the one-loop corrected decay ampli-

] tude for A9=770 MeV and 1 GeV for the choice
Recently Golterman and Leung have carried out a onejcent—770 MeV. We seff.=F_=132 MeV in Eq.(30),

loop calculation of CHPT for the decay amplitude in full and 54 the finite-size correction§(M ,aL) are taken into
quenched QCD for degenerate and non-degen&&®d =  5ccount. The results of a similar analysis for the choice
mesong9]. Their formula also includes finite-size correction ycont—{ Gev are plotted in Fig. 6.
terms. Combining with the one-loop formula calculated for — 5p important feature observed in Figs. 5 and 6 is that the
the physical point[19], we analyze how our results are gj;¢ dependence seen with the tree-level analysis in Fig. 4 is
changed by one-loop eff(?CtS of CHPT. _ _ removed after finite-size corrections at the one-loop level. At
Let us denote byw ™ 7°|Q.[K™)pnysthe physical ampli-  the same time, the amplitude decreases by 80% over

tude in the full theory with non-degenerdfeand 7 mesons  pe range of meson mass covered in our simulation.
of massmy andm,,, and by(m " 7°|Q;|K")jarice the am- Another noteworthy feature in Figs. 5 and 6 is that a
plitude in the quenched theory with degeneréteand 7 sjzaple lattice meson mass dependence still remains in the
mesons of masM . According to Golterman and Leung,  amplitude, and that the magnitude of the slope depends sen-
(7 7% Q, [K™) sitively on the choice of\9. This feature can be understood

* phys as arising from theO(p*) coupling constants in the

m2—m2/[ a 13 quenched theory, i.ed, in Eq. (30), which was ignored
=K—2” _27)<Tq) Y(7m" 70 QK ) attice, (29 above. If we denote our present results by
2M7 | ag; (7" 70 Q 4 |KH)ours We find from Eq.(30) that
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GeVv® Asomt = 770 MeV (g = 1/a)

(€0 - i S S B B L B A BN
[ A9=770MeV: o 248 0O 328 ]

0.028 1GeV: e 243 ® 323 ]

L Aa=

0.024 | ‘H’ .

0.020 F ]
0.016 [ ﬁ: # .

0.012 |

0.008 | .

0.004 Lt
00 02 04 06 08 10 12

M2 (GeV2)

FIG. 5. Decay amplitud€ (7" #°|Q,|K™) for g* =1/a ob-
tained with one-loop CHPT foA®°"=770 MeV plotted as a func-
tion of M f, Circles and squares refer to data fof 24d 32 spatial
sizes. Open symbols are far’=770 MeV and filled symbols for
A9=1 GeV.

M2
+——d
(4mF )2 "
<7T+7TO|Q+|K+>ours:<77+7To|Q+|K+>phys >
m’ﬂ'
1+ ——d
(47t )2
(33

showing the presence of a term Iinearl\ﬂf,. We note fur-
thermore thatl, actually depends oN9: d,=dg(A). Since
the total O(p*) correction in the denominator of E¢30)
should be independent of the cutdif, d, for different val-
ues of A9 varies according to

q 2
dg(AD)=dg(A'%—3 Iog( F) . (34)

3
Gev Ao =1 GeV (q*=1/a)
0032 [T T T T T T T T T T
[ A9=770MeV : © 243 o 323 ]
0028 [ A9= 1GeV : e 242 m 323 7]

0.024 | .

i

0.008 [ .

0016 |

002 | expt.

0.004 —
00 02 04 06 08 10 12

M2 ( GeV2)

FIG. 6. Decay amplitud€ , (7 7% Q,|K*) for g*=1/a as a
function of M2 obtained with one-loop CHPT fok®°"=1 GeV.
Meaning of symbols are the same as in Fig. 5.
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To compare these relations with our results, we fit
(7 7% Q4|K )ours s a function ofM? to the form(33).
Employing data for which the value oM, does not
exceed the cutoff, we finddy(1 GeV)/(4r)?~0.015
and  dy(770 MeV)/(4m)?~0.025. The difference
dq(1 GeV)/(4m)?—~dy(770 MeV)/(4m)?~—0.01 is in
good agreement with the value—3log(l GeV/
770 MeV)y/(4m)?=—0.0099 expected from Eq(34).
These results show that the uncertainties associateddyith
can be removed by a chiral extrapolation of our amplitude to
the chiral limitM _=0.

A further consequence of E33) is that a correction due
to the O(p*) term d in the full theory remains even after
taking the limitM .—0 in our results. In order to examine
the magnitude of this uncertainty, we use an estimate
d(A®°")/(4m)?=0.003(14) atA°°"=m, from a phenom-
enological analysi§19]. In view of the formula

cont

2
d(ACOM)=d(A’coN) —29 57 Iog( ) (35)

A;cont

obtained from Egs(30) and (31), this leads to a value
d(770 MeV)/(4m)?~—-0.12 and d(1 GeV)/(4mr)’~
—0.22. These values imply that the physical decay amplitude
is 10% lower than our results foh°°"=770 MeV, and
20% for A°°"=1 GeV. This provides an explanation of a
discrepancy of about 10% observed in Figs. 5 and 6 between
the values of(7* 7% Q.|K™),.rs calculated with AcONt
=770 MeVand1l GeV. Letus add aremark that the values
of d estimated above foA®°"'=770 MeV and 1GeV is an
order of magnitude larger compared to thosedgffor the
guenched theory.

We find from this analysis that including the correction
due to theO(p*) coupling constants is possible if an accu-
rate value ofd is known from phenomenological studies.
Since this is not yet the ca$&9], we shall not pursue this
point further here, leaving the correction as a source of un-
certainty in our final results.

The amplitude obtained fromizr™ 70| Q. |[K )y by @
chiral extrapolation to the limiM =0 is listed in Table Ill
for several choices of the cutoff and the operator matching
pointg*. In the results in Table lll, the systematic error due
to the matching scalg* is about 10%. Statistical errors are
larger (about 20%, mainly due to a linear extrapolation to
the chiral limit. Within these uncertainties and that of 10—
20% due to thel term discussed above, the values in Table
Il are consistent with the experiment 1x40™ 3 Ge\f.

V. Bx FROM THE K*—x* =% AMPLITUDE

The AS=2 four-quark operator defined by

Oss-2=5Vu(1~ ¥5)d 57,(1- y5)d (36)
belongs to the sam@7 representation as the operatQy
which is the[27,A1=23/2] part of Q, . As a consequence
one can obtain th& mesonB parameteBy from the K*
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TABLE Il Results of linear extrapolation of B((2GeV) (g'=1/a)
C.(m" 7% Q.|K") to M2=0. For A9=770 MeV fits are made 120 [T
with three points with smalleM . as M, of the fourth point ex- L Aa=770MeV : o 243 o 323
ceeds the cutoff. Statistical and extrapolation errors are combined. oo L AT= 10V e 2¢ m 320 ]
The experimental values is 1x40°2 Ge\~, ! ]

Co(m* 7%Q, [K*)(x 1073Ge\R) 080 - .
Acont - Ad 24 328 [ % * ; ]
(GeV) (GeV) g*=lla qg*=w/a q*=1la q*=n/a 00 L # % ﬂl ]
077 077 93(19) 102(21) 89(17) 9.7(1.9) [ % ]
0.77 1.0 9.4(1.3) 10.3(1.4) 8.8(1.1) 9.6(1.2 040 F ]
1.0 0.77 10.3(2.1) 11.3(2.3) 9.8(1.9) 10.7(2.1) [ ]
1.0 1.0  10.4(1.4) 11.4(1.5) 9.7(1.2) 10.6(1.3) N S
00 02 04 06 08 10 12

. . I M2 (GeV?)
—a a0 amplitude using CHPT. The nonvanishing compo-
nent of the tensoR)), in Eq. (25) for this operator is given by FIG. 8. Bx(2 GeV) for g* =1/a obtained fromK* — 7+ 70
Rg%: 1. decay amplitude as a function Mi obtained with one-loop CHPT
The one-loop relation in CHPT for quenched QCD for thefor A9=770 MeV and 1 GeV. Circles and squares refer to data
. . 3 7 H
unphysical degenerate case has been obtained by Goltermi@h 24° and 32 spatial sizes. Open symbols are fok®

and Leung9], =770 MeV and filled symbols foA9=1 GeV.
1 " w0QyKY) 3 function C, is absent in the present case. In Figs. 7 and 8
K™8g 3 G we plot Bc(2 GeV) obtained from th& " — 7" 70 decay
§FK —Mf,(1+ R+dg) amplitude with tree and one-loop CHPT. We set
V2 Fx=160 MeV andF =132 MeV in Egs.(37) and (38).

The one-loop CHPT effect and the cutoff dependence for a
small Mi region are small compared with those for the de-
cay amplitude. At the physicaK meson masstT
. (39 =0.246 GeV By takes almost the same value for different
choices ofA% and the lattice size. In Table IV the average of
the two data points with the smallekt,. is tabulated. Our
HereFy andF . denote thek and 7 meson decay constants rqqits B, =0.581(56)- 0.663(67) are consistent with the
in the qugnched theory, and the other notations are the SaMBQCD value By (2 GeV)=0.68(11) [20] obtained at the
as those in Eq30—(32). _ same coupling constagt=6.1 through a calculation of the
Our procedure for calculatinB¢ from Eq. (37) is essen- KO—K® matrix element of theA S—2 operator employing

tially the same as for th&*— 7" 7% amplitude including : Do c o .
the operator matching procedure, although the coefﬁcieni;.hlral Ward identities for determining the mixing coeffi-

with the one-loop correctioR given by

2

ks

R= ——
(47F )2

m

3Iog F

2
) +F(M al)

cients.
B (2GeV ) (q'=1a) A direct calculation ofBy with the Wilson quark action
N — has the complication that the operator mixing problem of the
[ ] AS=2 operator has to be solved nonperturbatively, which
- % causes large statistical errors. In contrast, he operator
100 % ] does not mix with other operators as mentioned in Sec. Il B.
[ + ] Therefore, statistical errors dBx obtained from theK ™
0.80 | + + g — 7t 7% amplitude is smaller. Theoretical uncertainties as-
I t ] sociated with the use of CHPT, however, are large in this
I + 1 approach that offsets the advantage of the present method. In
060 ] any case, our calculation, albeit with a significant error, pro-
0.40 lowest CHPT  © 24 TABLE IV. Bg(2 GeV) at physicalk meson massM,
* 32 | =496 MeV obtained from th& " — 7+ 7% amplitude. The row
0.20 N R E N TN ST T “tree” refers to the result with the lowest CHPT and others are
0.0 0.2 0.4 0.6 08 1.0 1.2 obtained by one-loop CHPT fok%=0.77 GeV and 1 GeV.
M2 (Gev?)
. Tree A9=0.77 GeV A9=1 GeV
FIG. 7. Bc(2 GeV) for g* =1/a obtained fromK*— 7" 70
decay amplitude as a function ch, obtained with tree level 24° 0.728(78) 0.587(64) 0.659(71)
CHPT. Circles and squares refer to data fof 2&d 32 spatial 323 0.627(63) 0.581(58) 0.663(67)
sizes.
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vides an independent check f&y for the Wilson quark calculated theBx parameter, and found that it is consistent
action obtained with the chiral Ward identity procedure, andyjith a recent direct calculation fdt°—K° mixing.

also supports the validity of CHPT. The encouraging results we have obtained, however,
should be taken with several reservations. The value of the
VI. CONCLUSIONS K*— 7" 70 decay amplitude estimated in the chiral limit

inti 200 4 _
In this article we have reported results of a study of thesuffers from uncertainties of 10-20 % due to Ggp") con

K*— " 7 decay amplitude in quenched lattice QCD. With tact terms of the full theory, because the phenomenological

a set of hiah statistics simulations we have found that theestimate available is not very accurate. A sizable finite-size
results shog\]/v sizable finite-size effects, which, however arecorrection of 36-40 %, while consistent with the one-loop
’ ' ' rediction of CHPT, raises the question whether ignoring

consistent with those predicted by a recent one-loop calcule}?‘i her order corrections can be justified. Furthermore, vari-
tion of CHPT. We have furthermore seen that a meson mass 2 J ) ’

dependence which remains after inclusion of the one-looé)us constants of CHPT, in particular the coefficient,

: : L ~'may differ between the quenched and full theories, and we
corrections of CHPT in the prediction for the decay arnpll'have no way of estimating or correcting the difference. Re-
tude is due to effects of th©(p*) contact terms in the y g g i

guenched theory. Making an extrapolation to the chiral Iimit"ab'llC'jty IOf bCHPT. for cslc(l;lat'lng #nphysmal amfplltudes .
to remove these effects, we have found 8.9(X.Ip 2 could also be an issue. Reducing these sources of uncertain-

= 3 . ties, especially those related to quenching and better control-
11.4(1.5)<10 * GeV’ for the physical value of the decay ling finite-size effects would require a difficult task of carry-

g;n;gEquTe., qri%igd'Cgljgsth:r;hgé%iiget:te @ﬁfﬁeggre?irpn?ﬁ{ng out simulations in full QCD on a physically large lattice.
(10.4x10°° Ge\P).

The present result may be compared to those of the pre-
vious studies[2,4] which gave decay amplitudes roughly  We thank Maarten Golterman for informative correspon-
twice larger than experiment. Our smaller value originatesience on his results for the decay amplitude from chiral per-
from the two effects, one-loop corrections as also noted byurbation theory. This work was supported by the Supercom-
Golterman and Leung in their reanalysis of the old resultsputer Project(No. 97-15 of High Energy Accelerator
and a decrease of the amplitude toward smaller values dResearch OrganizatiofKEK), and also in part by the
M., . Grants-in-Aid of the Ministry of EducatiofNos. 08640349,

As a further application of the one-loop formula, we have08640350, 08640404, 09246206, 09304029, 09740226
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